
Chöông 4 

NOÄI  SUY  VAØ 

XAÁP  XÆ  HAØM



I. ÑAËT BAØI TOAÙN :

Ñeå tính giaù trò cuûa moät haøm lieân tuïc baát 
kyø, ta coù theå xaáp xæ haøm baèng moät ña 
thöùc, tính giaù trò cuûa ña thöùc töø ñoù tính 
ñöôïc giaù trò gaàn ñuùng cuûa haøm



Xeùt haøm y = f(x) cho döôùi daïng baûng soá

x xo x1 x2 . . .       xn

y yo y1 y2 . . .       yn

 Caùc giaù trò xk, k = 0, 1, .., n ñöôïc saép theo 
thöù töï taêng daàn goïi laø caùc ñieåm nuùt noäi suy

 Caùc giaù trò  yk = f(xk) laø caùc giaù trò cho tröôùc 
cuûa haøm taïi xk

Baøi toaùn : xaây döïng 1 ña thöùc pn(x) baäc ≤n 
thoaû ñieàu kieän pn(xk) = yk, k=0,1,.. n. Ña thöùc 
naøy goïi laø ña thöùc noäi suy cuûa haøm f(x).



II. ÑA THÖÙC NOÄI SUY LAGRANGE: 

Cho haøm y = f(x) vaø baûng soá

x xo x1 x2 . . .       xn

y yo y1 y2 . . .       yn

Ta xaây döïng ña thöùc noäi suy haøm f(x) 
treân [a,b]=[x0, xn]. 
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coù baäc ≤ n vaø thoûa ñieàu kieän Ln(xk) = yk

goïi laø ña thöùc noäi suy Lagrange cuûa haøm f

Ví duï : Cho haøm f vaø baûng soá

x 0       1        3   

y 1       -1       2 

Xaây döïng ña thöùc noäi suy Lagrange vaø tính 
gaàn ñuùng f(2).
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 Caùch bieåu dieãn khaùc :

’(xk) = (xk-x0)(xk-x1)...(xk-xk-1)(xk-xk+1)...(xk- xn)

Ñaët (x) = (x- x0)(x- x1) ....  (x- xn)
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Ñeå tính giaù trò cuûa Ln(x), ta laäp baûng

x x0 x1 ....       xn

x0

x1

…

xn

x- x0 x0- x1 ....    x0- xn

x1- x0     x- x1 ....    x1- xn

....        ....      ....      ....

xn- x0    xn- x1 ....     x- xn

D0

D1

…

Dn

(x)

tích 
doøng

tích ñöôøng cheùo



Ví duï : Cho haøm f vaø baûng soá

x -9         -7        -4  

y -1         -4        -9 

Tính gaàn ñuùng f(-6)

Ta laäp baûng taïi x = -6

x = -6 -9         -7          -4 

-9
-7
-4

3 -2          -5 
2           1 -3
5           3           -2

30
-6

-30

-6

Vaäy f(-6)  L2(-6) = -6(-1/30+4/6+9/30) = -5.6



Ví duï : Cho haøm f vaø baûng soá

x 0       1        3       4

y 1       1        2       -1

Tính gaàn ñuùng f(2)

Ta laäp baûng taïi x = 2

x = 2 0         1        3         4

0
1
3
4

2 -1       -3       -4
1         1 -2      -3
3         2       -1 -1
4         3          1     -2

-24
6
6

-24

4

Vaäy f(2)  L3(2) = 4(-1/24 + 1/6 + 1/3 +1/24) = 2



 TH ñaëc bieät : caùc ñieåm nuùt caùch ñeàu 
vôùi böôùc h = xk+1 – xk

Ñaët 0
( )x x

q
h




Ta coù xk = xo + kh

 x-xk = x- xo-kh = (q-k)h
xi-xj = (xo+ih)-(xo+jh) = (i-j)h

 (x)=(x-x0)(x-x1) ....  (x-xn)=q(q-1)…(q-n)hn+1

’(xk) = (xk-x0) ... (xk-xk-1)(xk-xk+1) … (xk-xn)
= k.(k-1) … 1.(-1)(-2) … (k-n)hn

= (-1)n-k k! (n-k)! hn
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Ví duï : Cho haøm f vaø baûng soá

x 1.1      1.2      1.3      1.4

y 15       18       19       24

Tính gaàn ñuùng f(1.25)



Ta coù n = 3 x = 1.25

h = 0.1 q = (1.25-1.1)/0.1 = 1.5 

Vaäy  f(1.25)  18.375

15 18 19 24
(1.25) (1.5)(0.5)( 0.5)( 1.5)[ ]

3!(1.5) 2!(0.5) 2!( 0.5) 3!( 1.5)

18.375
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 Coâng thöùc ñaùnh giaù sai soá :

Giaû söû haøm f(x) coù ñaïo haøm ñeán caáp 
n+1 lieân tuïc treân [a,b].
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Ví duï : Cho haøm f(x)=2x treân ñoaïn [0,1]. Ñaùnh giaù 
sai soá khi tính gaàn ñuùng giaù trò haøm taïi ñieåm 
x=0.45 söû duïng ña thöùc noäi suy Lagrange khi choïn 
caùc ñieåm nuùt xo=0, x1=0.25, x2=0.5, x3=0.75, x4=1

Giaûi 

Ta coù n = 4, f(5)(x) = (ln2)52x

 M5 = max |f(5)(x)| = 2(ln2)5
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III. ÑA THÖÙC NOÄI SUY NEWTON: 

1. Tæ sai phaân :

Cho haøm y = f(x) xaùc ñònh treân [a,b]=[xo, xn] 
vaø baûng soá

x xo x1 x2 . . .       xn

y yo y1 y2 . . .       yn
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Ví duï : Cho haøm f vaø baûng soá

x 1.0        1.3      1.6       2.0

y 0.76      0.62    0.46     0.28

Tính caùc tæ sai phaân 

k xk f(xk) f[xk,xk+1] f[xk,xk+1,xk+2] f[xk,xk+1,xk+2,xk+3]
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0.28

-0.4667

-0.5333

-0.45

-0.111

0.119

0.23

Giaûi : ta laäp baûng caùc tæ sai phaân 



2. Ña thöùc noäi suy Newton : 
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Tieáp tuïc baèng qui naïp ta ñöôïc
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Töông töï ta coù coâng thöùc Newton luøi
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Ví duï : Cho haøm f xaùc ñònh treân [0,1] vaø baûng soá
x 0          0.3          0.7            1        

y 2        2.2599   2.5238     2.7183

Tính gaàn ñuùng f(0.12) baèng Newton tieán vaø
f(0.9) baèng Newton luøi

xk f(xk) f[xk,xk+1] f[xk,xk+1,xk+2] f[xk,xk+1,xk+2,xk+3]
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-0.2950

-0.0164

0.2786

Giaûi : ta laäp baûng caùc tæ sai phaân 

Newton luøi

Newton tieán



(1)(0.12) (0.12)
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3. TH caùc ñieåm nuùt caùch ñeàu : 

Sai phaân höõu haïn caáp 1 cuûa haøm taïi ñieåm xk

yk = yk+1 - yk

Baèng qui naïp, Sai phaân höõu haïn caáp p cuûa haøm 
taïi ñieåm xk

pyk = (p-1yk) = p-1yk+1 - p-1yk
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Coâng thöùc Newton tieán
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Ví duï : Cho haøm f xaùc ñònh vaø baûng soá

x 30          35          40            45        

y 0.5       0.5736    0.6428    0.7071

Tính gaàn ñuùng f(32) vaø f(44)

xk f(xk) yk 2yk 3yk

30

35

40

45

0.5

0.5736

0.6428

0.7071

0.0736

0.0692

0.0643

-0.0044

-0.0049

-0.0005

Giaûi : ta laäp baûng caùc sai phaân höõu haïn 

Newton luøi

Newton tieán



 Tính gaàn ñuùng f(32) : duøng coâng thöùc Newton tieán

n = 3,  xo = 30,  q=(32-30)/5 = 0.4
(1)(32) (32)

0.0736 0.0044 0.0005
0.5 (0.4) (0.4)( 0.6) (0.4)( 0.6)( 1.6)

1! 2! 3!

0.529936
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 Tính gaàn ñuùng f(44) : duøng coâng thöùc Newton luøi

n = 3,  xn = 45,  p=(44-45)/5 = -0.2
(2)(44) (44)

0.0643 0.0049 0.0005
0.7071 ( 0.2) ( 0.2)(0.8) ( 0.2)(0.8)(1.8)

1! 2! 3!

0.694656

n
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IV.  SPLINE baäc 3 : 

Vôùi n lôùn, ña thöùc noäi suy baäc raát lôùn, khoù xaây 

döïng vaø khoù öùng duïng.

Moät caùch khaéc 
phuïc laø thay ña 
thöùc noäi suy baäc n 
baèng caùc ña thöùc 
baäc thaáp (≤ 3) treân 
töøng ñoaïn [xk,xk+1], 
k=0,1,…,n-1



1. Ñònh nghóa :

Cho haøm y=f(x) xaùc ñònh treân ñoaïn [a,b] vaø 
baûng soá

x a=xo x1 x2 . . .      xn=b 

y yo y1 y2 . . .       yn

Moät Spline baäc 3 noäi suy haøm f(x) laø haøm g(x) 

thoûa caùc ñieàu kieän sau :

(i) g(x) coù ñaïo haøm ñeán caáp 2 lieân tuïc treân [a,b]

(ii) g(x)=gk(x) laø 1 ña thöùc baäc 3 treân [xk,xk+1], 
k=0,1,..,n-1

(iii) g(xk) = yk, k=0,1, …, n



2. Caùch xaây döïng Spline baäc 3 : 

Ñaët hk = xk+1 – xk

gk(x) laø ña thöùc baäc 3 neân coù daïng : 

gk(x) = ak+bk(x-xk)+ck(x-xk)
2+dk(x-xk)

3

 Ta coù  g(xk) = yk

 ak = yk, k = 0,1,…, n

 g(x) khaù vi lieân tuïc ñeán caáp 2 neân
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 Ñieàu kieän (A) suy ra
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Ta coù   gk’(x) = bk+2ck(x-xk)+3dk(x-xk)
2

gk”(x) = 2ck+6dk(x-xk)



 Thay (2) vaøo (1) ta ñöôùc 
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k

y y c c h
b

h
 
 

 

 Ñieàu kieän (B) suy ra
2

1

2

1 1 1 1 1

2 3

2 3 (4)

k k k k k k

k k k k k k

b c h d h b

hay b c h d h b



    

  

  

 Thay (2) vaø (3) vaøo (4) ta ñöôïc

1 1
1 1 1 1

1

3( ) 3( )
2( ) (5)

1,2, ... , 1

k k k k
k k k k k k k

k k

y y y y
h c h h c h c

h h

k n

 
   



 
    

  



Phöông trình (5) laø heä pttt goàm n-1 pt, duøng ñeå 
xaùc ñònh caùc heä soá ck. Töø ck vaø (2) (3) ta xaùc 
ñònh ñöôïc taát caû caùc heä soá cuûa ña thöùc gk(x)

Phöông trình (5) coù voâ soá nghieäm, ñeå coù nghieäm 
duy nhaát ta caàn boå sung theâm 1 soá ñieàu kieän

 Ñònh nghóa :

 Spline töï nhieân laø spline vôùi ñieàu kieän

g”(a) = g”(b) = 0
 Spline raøng buoäc laø spline vôùi ñieàu kieän

g’(a) = , g’(b) = 



3. Spline töï  nhieân : 

Giaûi thuaät xaùc ñònh spline töï nhieân :

Ñieàu kieän g”(a)=g”(b) = 0 suy ra co = cn = 0

B1. Tính hk=xk+1- xk, k = 0, n-1. 
ak= yk, k = 0, n

B2. Giaûi heä Ac = b tìm c = (co, c1, …, cn)
t

1 02 1

0 0 1 1
1 0

1 1 2 2

1 1 2

2 2 1 1

1 2

0
1 0 0 0 ... 0

3( )3( )
2( ) 0 ... 0

0 2( ) ... 0
...

... ... ... ... ... ...
3( ) 3( )

... ... ... 2( )

0 0 0 0 ... 1
0

n n n n

n n n n

n n

y yy y
h h h h

h h
h h h h

A b

y y y y
h h h h

h h
  

   

 

 
   

      
   

    
       
    

  
 



B3. Tính caùc heä soá bk, dk.

1 1

1

( ) ( 2 )
, 0,1,..., 1

3

( )

3

k k k k k
k

k

k k
k

k

y y c c h
b k n

h

c c
d

h

 



 
   




Ví duï : Xaây döïng spline töï nhieân noäi suy haøm 
theo baûng soá

x 0         2        5  

y 1         1        4 



Giaûi

B1. ho = 2, h1 = 3. ao = 1, a1 = 1, a2 = 4

B2. Giaûi heä Ac = b vôùi c = (c0, c1, c2)
t

1 02 1
0 0 1 1

1 0

0
1 0 0 1 0 0 0

3( )3( )
2( ) 2 10 3 , 3

0 0 1 0 0 1 0
0

y yy y
A h h h h b

h h

 
      

                 
            

 

n = 2

 co = c2 = 0, c1 = 3/10
0

1

2

1 0 0 0

2 10 3 3

0 0 1 0

c

c

c

    
    

    
    
    



B3. Tính caùc heä soá bk, dk.

1 0 1 0 0
0

0

2 1 2 1 1
1

1

1 0 2 1
0 1

0 1

( ) ( 2 ) 1

3 5

( ) ( 2 ) 2

3 5

( ) ( )1 1
,

3 20 3 30

y y c c h
b

h

y y c c h
b

h

c c c c
d d

h h

 
   

 
  

 
    

Keát luaän : spline töï nhieân

3

0

2 3

1

1 1
( ) 1 0 2

5 20( )
2 3 1

( ) 1 ( 2) ( 2) ( 2) 2 5
5 10 30

g x x x x
g x

g x x x x x


    

 
         




Ví duï : Xaây döïng spline töï nhieân noäi suy haøm 
theo baûng soá

x 0         1        2         3

y 1         2        4         8

B1. ho = h1= h2 = 1. ao = 1, a1 = 2, a2 = 4, a3 = 8

n = 3

B2. Giaûi heä Ac = b vôùi c = (c0, c1, c2,c3)
t

0 0 1 1

1 1 2 2

1 0 0 0 1 0 0 0

2( ) 0 1 4 1 0

0 2( ) 0 1 4 1

0 0 0 1 0 0 0 1

h h h h
A

h h h h

   
   

    
   
      
   



1 02 1

1 0

3 2 2 1

2 1

0

3( )3( ) 0

3

63( ) 3( )

0

0

y yy y

h h
b

y y y y

h h

 
 

      
    
   

     
  

 
 

0 3

1 2

1 2

0

4 3

4 6

c c

c c

c c

  


  
  

Giaûi ta ñöôïc co = c3 = 0, c1 = 2/5, c2 = 7/5

0

1

2

3

1 0 0 0 0

1 4 1 0 3

0 1 4 1 6

0 0 0 1 0

c

c

c

c

    
    
    
    
        

    



B3. Tính caùc heä soá bk, dk.

1 0 1 0 0 2 1 2 1 1
0 1

0 1

3 2 3 2 2
2

2

1 0 3 22 1
0 1 2

0 1 2

( ) ( 2 ) ( ) ( 2 )13 19
,

3 15 3 15

( ) ( 2 ) 46

3 15

( ) ( )( )2 1 7
, ,

3 15 3 3 3 15

y y c c h y y c c h
b b

h h

y y c c h
b

h

c c c cc c
d d d

h h h

   
     

 
  

 
      

Keát luaän : spline töï nhieân
3

0

2 3

1

2 3

2

13 2
( ) 1 0 1

15 15

19 2 1
( ) ( ) 2 ( 1) ( 1) ( 1) 1 2

15 5 3

46 7 7
( ) 4 ( 2) ( 2) ( 2) 2 3

15 5 15

g x x x x

g x g x x x x x

g x x x x x


    




         



        




4. Spline raøng buoäc : 

Giaûi thuaät xaùc ñònh spline raøng buoäc :

B1. Tính hk=xk+1- xk, k = 0, n-1. 
ak= yk, k = 0, n

Ñieàu kieän g’(a) = , g’(b) =  xaùc ñònh 2 pt : 

1 0
0 0 0 1

0

1
1 1 1

1

2 3 3

2 3 3 n n
n n n n

n

y y
h c h c

h

y y
h c h c

h



 
  



 
  




   





1 0

0

0 0
1 02 1

0 0 1 1
1 0

1 1 2 2

1 1 2
2 2 1 1

1 2
1 1

3 3

2 0 0 ... 0
3( )3( )

2( ) 0 ... 0

0 2( ) ... 0
...

... ... ... ... ... ...
3( ) 3( )

... ... ... 2( )

0 0 0 0 2
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n n n n
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  
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 
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 
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 

   
 
 
 

 1

1

n n

n

y

h




 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

B2. Giaûi heä Ac = b tìm c = (co, c1, …, cn)
t

B3. Tính caùc heä soá bk, dk.

1 1

1

( ) ( 2 )
, 0,1,..., 1

3

( )

3

k k k k k
k

k

k k
k

k

y y c c h
b k n
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d
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 



 
   






Ví duï : Xaây döïng spline raøng buoäc noäi suy haøm 
theo baûng soá

x 0         1        2  

y 1         2        1

vôùi ñieàu kieän g’(0)=g’(2) = 0

Giaûi

B1. ho = h1 = 1. ao = 1, a1 = 2, a2 = 1

n = 2



B2. Giaûi heä Ac = b vôùi c = (c0, c1, c2)
t

0 0
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0

1 02 1
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B3. Tính caùc heä soá bk, dk.

1 0 1 0 0
0
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1
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Keát luaän : spline raøng buoäc
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V.  BAØI TOAÙN XAÁP XÆ THÖÏC NGHIEÄM 

Xeùt baøi toaùn thoáng keâ löôïng möa trong 12 thaùng
Thöïc nghieäm (k=1..12)

xk 1       2       3        4         5        6      7    8

yk 550  650    540    580    610    605  ......

Caùc giaù trò yk ñöôïc xaùc ñònh baèng thöïc nghieäm 
neân coù theå khoâng chính xaùc. Khi ñoù vieäc xaây 
döïng moät ñöôøng cong ñi qua taát caû caùc ñieåm 
Mk(xk, yk) cuõng khoâng coøn chính xaùc



Baøi toaùn xaáp xæ thöïc nghieäm : laø tìm haøm f(x) 
xaáp xæ baûng {(xk,yk)} theo phöông phaùp bình 
phöông cöïc tieåu : 

2( ) ( ( ) ) min
k k

g f f x y ñaït 

Haøm f toång quaùt raát ña daïng. Ñeå ñôn giaûn, 
trong thöïc teá thöôøng ta tìm haøm f theo moät 
trong caùc daïng sau : 

- f(x) = A + Bx
- f(x) = A+Bx+Cx2

- f(x) = Asinx+Bcosx

- f(x) = AeBx

- f(x) = AxB

- f(x) = AlnBx …



1. Tröôøng hôïp f(x) = A+ Bx 

Phöông trình bình phöông cöïc tieåu coù daïng
2( , ) ( )

k k
g A B A Bx y  

Baøi toaùn qui veà tìm cöïc tieåu cuûa haøm 2 bieán 
g(A,B)

Ñieåm döøng
2 ( ) 0

2 ( ) 0

k k

k k k

g
A Bx y

A

g
A Bx y x

B


   


    







Suy ra
2

( )

( ) ( )
k

k k

k k k

nA x B y

x A x B x y

  


 

 
  



Ví duï : Tìm haøm f(x) = A + Bx xaáp xæ baûng soá

x 1      1      2       2       2       3      3      4      5      6

y 1      2      2       3       4       4      5      5      6      7

Theo pp BPCT

Ta coù n = 10

Giaûi heä pt

2

( )

( ) ( )

k k

k k k k

nA x B y

x A x B x y

  


 

 
  

10 29 39

29 109 140

A B

A B

  
 

 

Nghieäm A = 0.7671, B=1.0803

Vaäy f(x) = 0.7671+1.0803x



2. Tröôøng hôïp f(x) = Acosx + Bsinx 

Phöông trình bình phöông cöïc tieåu coù daïng
2( , ) ( cos sin )

k k k
g A B A x B x y  

Baøi toaùn qui veà tìm cöïc tieåu cuûa haøm 2 bieán 
g(A,B)

Ñieåm döøng 2 ( cos sin )cos 0

2 ( cos sin )sin 0

k k k k

k k k k

g
A x B x y x

A

g
A x B x y x

B


   


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





Suy ra 2

2

( cos ) ( sin cos ) cos

( sin cos ) ( sin ) sin

k k k k k

k k k k k

x A x x B y x

x x A x B y x

  

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  
  



Ví duï : Tìm haøm f(x)=Acosx+Bsinx xaáp xæ baûng soá

x 10        20        30        40        50       

y 1.45     1.12      0.83    1.26    1.14

Theo pp BPCT

Ta coù n = 5

Giaûi heä pt

Nghieäm A = -0.1633, B=0.0151

Vaäy f(x) = -0.1633cosx+0.0151sinx

2

2

( cos ) ( sin cos ) cos

( sin cos ) ( sin ) sin

k k k k k

k k k k k

x A x x B y x

x x A x B y x

  


 

  
  
2.2703 0.0735 0.3719

0.0735 2.7297 0.0533

A B

A B

   
 

  

rad



3. Tröôøng hôïp f(x) = Ax2 + Bsinx 

Phöông trình bình phöông cöïc tieåu coù daïng
2 2( , ) ( sin )
k k k

g A B Ax B x y  
Baøi toaùn qui veà tìm cöïc tieåu cuûa haøm 2 bieán 
g(A,B)

Ñieåm döøng

Suy ra 4 2 2

2 2

( ) ( sin )

( sin ) ( sin ) sin

k k k k k

k k k k k

x A x x B x y

x x A x B y x

  


 

  
  

2 2

2

2 ( sin ) 0

2 ( sin )sin 0

k k k k

k k k k

g
Ax B x y x

A

g
Ax B x y x

B


   


    









Ví duï : Tìm haøm f(x)=Ax2+Bsinx xaáp xæ baûng soá

x 1.3       1.5       1.8      2.0      2.4      2.6      2.7   

y 2.7      1.8       3.51     3.1     3.78     3.9      4.32   

Theo pp BPCT

Ta coù n =7

Giaûi heä pt

Nghieäm A = 0.4867, B=1.4657

Vaäy f(x) = 0.4857x2 + 1.4657sinx

166.4355 21.1563 112.015

21.1563 4.6033 17.0441

A B

A B

  
 

 

4 2 2

2 2
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( sin ) ( sin ) sin

k k k k k

k k k k k

x A x x B x y

x x A x B y x
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
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  
  



4. Tröôøng hôïp f(x) = A+ Bx+Cx2

Phöông trình bình phöông cöïc tieåu coù daïng
2 2( , , ) ( )

k k k
g A B C A Bx Cx y   

Baøi toaùn qui veà tìm cöïc tieåu cuûa haøm 3 bieán 
g(A,B,C)

Ñieåm döøng
2

2

2 2

2 ( ) 0

2 ( ) 0

2 ( ) 0

k k k

k k k k

k k k k

g
A Bx Cx y

A

g
A Bx Cx y x

B

g
A Bx Cx y x

C

 
     


    




     







Suy ra 2

2 3

2 3 4 2

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

k k k

k k k k k

k k k k k

nA x B x C y

x A x B x C x y

x A x B x C x y

   


  


  

  
   
   



Ví duï : Tìm haøm f(x) = A + Bx+Cx2 xaáp xæ baûng soá

x 1         1          2         3         3          4            5      

y 4.12    4.18     6.23    8.34    8.38     12.13     18.32   

Theo pp BPCT
Ta coù n = 7

Giaûi heä pt

Nghieäm A = 4.3, B=-0.71, C=0.69

Vaäy f(x) = 4.3-0.71x+0.69x2

2

2 3

2 3 4 2

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

k

k

k k k

k k k k

k k k k

nA x B x C y

x A x B x C x y

x A x B x C x y

   



  


  

  
   
   

7 19 65 61.70

19 65 253 211.04

65 253 1061 835.78

A B C

A B C

A B C

   


   
   


